Utilizing more than 100 long gamma-ray bursts (LGRBs) in the Swift -Ryan-2012 sample that includes the observed redshifts and jet angles, Le & Mehta performed a timely study of the rate density of LGRBs with an assumed broken power-law GRB spectrum and obtained a GRB-burst-rate functional form that gives acceptable fits to the preSwift and Swift redshift, and jet angle distributions. The results indicated an excess of LGRBs at redshift below z ∼ 2 in the Swift sample. In this work, we are investigating if the excess is caused by the cosmological Hubble constant H 0 , the gamma-ray energy released E * γ , the low-and high-energy indices (α, β) of the Band function, the minimum and maximum jet angles θ j,min and θ j,max , or that the excess is due to a bias in the Swift -Ryan-2012 sample. Our analyses indicate that none of the above physical parameters resolved the excess problem, but suggesting that the Swift -Ryan-2012 sample is biased with possible afterglow selection effect. The following model physical parameter values provide the best fit to the Swift -Ryan-2012 and preSwift samples: the Hubble constant H 0 = 72 kms −1 Mpc −1 , the energy released E * γ ∼ 4.47 × 10 51 erg, the energy indices α ∼ 0.9 and β ∼ −2.13, the jet angles of θ j,max ∼ 0.8 rad, and θ j,min ∼ 0.065 and ∼ 0.04 rad for preSwift and Swift, respectively, s ∼ −1.55 the jet angle power-law index, and a GRB formation rate that is similar to the Hopkins & Beacom observed star formation history and as extended by Li. Using the Swift Gamma-Ray Burst Host Galaxy Legacy Survey (SHOALS) Swift -Perley LGRB sample and applying the same physical parameter values as above, however, our model provides consistent results with this data set and indicating no excess of LGRBs at any redshift.
INTRODUCTION
With the launch of the Swift satellite, rapid follow-up studies of gamma ray bursts (GRBs) triggered by the Burst Alert Telescope (BAT) on Swift became possible. Before 2008, the mean redshift of 41 preSwift long-duration GRBs ( LGRBs, which is the only type considered in this paper with T 90 > 2 s) that also have measured beaming breaks is z = 1.5 (Friedman & Bloom 2005, hereafter preSwift -Friedman sample) , while 16 GRBs discovered by Swift have z = 2.72 (Jakobsson et al. 2006, hereafter Swift -Jakobsson sample) . The mean measured redshifts of the LGRBs indicate that a fainter and more distant population of GRBs than found with the preSwift satellites BATSE, BeppoSAX, INTEGRAL, and HETE-2 was detected. However, it is important to notice that there were many GRBs detected by the preSwift instruments that did not have measured redshifts (e.g., Shahmoradi, & Nemiroff 2019) , particularly BATSE, with more than 2700 detected GRBs (e.g., Pačiesas 2004) . Hence, it is very likely that BATSE also observed a population of faint and distant GRBs as well, since BATSE's effective area was large enough that it was more sensitive to high-z GRBs than most current instruments (e.g., Tashiro et al. 2008) . From these initial samples, Bagoly et al. (2006) performed statistical tests to compare the redshift distributions of Swift and preSwift GRBs and concluded that the redshift distributions are different (also see Figure 3 from Jakobsson et al. 2006 ), suggesting that the preSwift and Swift data sample distinct subsets of the overall GRB population due to different detector characteristics and follow-up capabilities. The preSwift -Friedman and Swift -Jakobsson LGRB samples are presented in Table 1 , where the preSwift sample contains both the redshift and jet opening angle values, while the Swift sample only contains the redshift values because there are problems with estimating the achromatic jet break in the Swift data (e.g., Kumar & Zhang 2015) . Le & Dermer (2007, hereafter LD07 ) developed a physical model to understand the differences between the redshift and jet opening angle distributions of the initial samples (see Figure 2 of Le & Dermer 2007) , taking into account the different detector triggering properties. Their GRB model is based on the uniform jet model and a flat νF ν GRB spectrum with an assumption that the LGRB density rate is proportional to the measured star formation rate (SFR), where the SFR7 in the inset of Figure 1(a) is the observed Hopkins & Beacom (2006) SFR history. LD07 assumed a flat νF ν GRB spectrum as Note-a These are the preSwift data from the Friedman & Bloom (2005) .
b These are the Swift data from the Jakobsson et al. (2006) . their initial study to understand the observed LGRB redshift distribution, but a more realistic model is a broken power-law νF ν GRB spectrum, which was later studied by Le & Mehta (2017) as discussed below. LD07, however, showed that a good fit was only possible by providing a positive evolution of the SFR history of GRBs to high redshifts that is similar to SFR5 or SFR6, see the inset of Figure 1(a) . These SFR analytic fitting profiles are given by Σ SFR (z) = 1+(η 2 z/η 1 )
as a function of redshift z with the parameter values of η 1 , η 2 , η 3 , and η 4 for SFR5, SFR6, SFR7 as given in Table 2 . The first, second, and last columns of Table 2 are the GRB spectral model type, the GRB density rate model, and the reference of the paper that assumes these models and values, respectively. The third row represents the SFR analytic fitting profile for the observed SFR that was obtained by Hopkins & Beacom (2006) . LD07 calculated LGRB density rate models, SFR5 and SFR6, at high redshift that are consistent with other researchers (e.g., Lloyd-Ronning et al. 2002; Daigne et al. 2006; Mészáros 2006; Guetta & Piran 2007; Kistler et al. 2008; Wanderman & Piran 2010) . However, it remains unclear whether the excess at high redshift is due to luminosity evolution (e.g., Salvaterra & Chincarini 2007; Salvaterra et al. 2009 Salvaterra et al. , 2012 Deng et al. 2016) or the cosmic evolution of the GRB rate (e.g., Butler et al. 2010; Qin et al. 2010; Wanderman & Piran 2010) . Furthermore, Salvaterra et al. (2012) , for example, suggested that a broken power-law luminosity evolution with redshift is required to fit the observed redshift distribution.
Recently, Le & Mehta (2017, hereafter LM17) revisited the work done by LD07 and performed a timely study of the rate density of GRBs with an assumed broken power-law GRB spectrum with the low-and high-energy indices (α = −1, β = −2.5) of the Band function (Band et al. 1993) . Utilizing more than 100
LGRBs in the Swift sample that includes both the observed estimated redshifts and jet opening angles Ryan et al. 2015, hereafter Swift -Ryan 2012 sample), LM17 obtained a GRB burst rate functional form (SFR9 -a long thin dashed line in Figure 1(a) ) that produces the model distributions that are comparable to the observed preSwift and Swift -Ryan 2012 redshift and jet opening angle distributions (see Figures 1(b) and the inset of 1(b)). They also showed that the SFR5 and SFR6 models that were utilized by LD07 could not fit the more current updated LGRB Swift -Ryan 2012 sample. The SFR9 analytic fitting profile is given by equation (18) in LM17 (and in eq. 1 as discussed in Section 2) and their parameter values are also given in Table 2 with the breaking redshift at z 1 and z 2 equal to 0.5 and 4.5, respectively. Interestingly, SFR9 is similar to the Hopkins & Beacom (2006) star formation history (SFR7) and as extended by Li (2008) . Most importantly, the result indicates an excess of LGRBs at low redshift below z ∼ 2 in the Swift sample (see Figure 1 (b)), consistent with other researchers (e.g. Petrosian et al. 2015; Yu et al. 2015; Lloyd-Ronning et al. 2019a ). However, the reason for this excess is either unclear, incomplete sample size, or that GRB formation rate does not trace SFR at low redshift less than z ≤ 1(e.g. Petrosian et al. 2015; Yu et al. 2015; Lloyd-Ronning et al. 2019a ), and we plan to address these concerns in this work. The Swift -Ryan LGRB sample is presented in Table 3 .
To determine the excess of LGRBs at low redshift, in this research we intend to examine the following questions: (i) How does the observed Hubble constant parameter affect the outcomes of the calculated redshift and jet opening angle distributions? In our model, we adopt a ΛCDM cosmology with the Hubble parameter H 0 = 72 km s −1 Mpc −1 , Ω m = 0.27, and Ω Λ = 0.73 (e.g. Spergel et al. 2003) . Recently, there has been a disagreement over the value of the Hubble constant; Chen et al. (2017) and Riess et al. (2016) have suggested that H 0 = 68 and 73 km s −1 Mpc −1 , respectively, and we intend to explore how the Hubble constant H 0 affects the calculated distributions. (ii) How does the beaming-corrected gamma-ray energy released relate to redshift? The observed estimated energy release is between 10 48 and 10 52 erg (e.g. Friedman & Bloom 2005) , and the mean beaming corrected gamma-ray energy released for all LGRBs is E * γ ≈ 2 × 10 51 erg (see LD07). However, others have also suggested that the average value for Swift could be an order of magnitude smaller than for preSwift (e.g. Goldstein et al. 2016) , which could be due to Swift 's detection of lower energy and higher redshift events. Hence, for self-consistency, these results need to be considered in the GRB model. (iii) How do the lowand high-energy indices (α, β) of the Band function (Band et al. 1993) relate to redshift? Currently, the average accepted values are α = −1 and β = −2.5 for all LGRBs. However, on average, do we see different trends at lower redshift vs higher redshift? The results from these studies will allow us to set the parameter values in our model more appropriately, which will allow us to search for the GRB formation rate in accordance to our model to address the origin of the excess of the LGRBs at low redshift. (iv) Finally, if everything fails to resolve the excess issue, then we need to ask if any of our results point to a possible bias in the Swift - Ryan Note-a These are a subsample between 2005 and 2012 (Swift-Ryan-b) from Ryan et al. (2015) . b These are samples between 2005 and 2012 (Swift-Ryan 2012) from Ryan et al. (2015) . selecting the Swift sample to remove LGRBs that occurred under circumstances that were not optimal for ground-based follow-up and isolating a subset for which the afterglow redshift completeness is close to the expected maximum achievable value of 80 per cent. This sample is called the Swift Gamma-Ray Burst Host Galaxy Legacy Survey ("SHOALS"), a multiobservatory high-redshift galaxy survey targeting the largest unbiased sample of LGRB. This approach was exploited to study unbiased afterglow demographics and redshift distributions by others, including the multiyear Very Large Telescope based "TOUGH" project (The Optically Unbiased GRB Host Survey) (e.g. Perley et al. 2016 , and references therein).
The TOUGH project used a series of observability cuts with bursts that lack the bright afterglows, and isolate a sample of 69 objects that achieves a redshift completeness of 90 per cent, whereas Perley et al. (2016) isolate a sample of 110 objects with 92 percent redshift completeness. The Swift -Parely sample is better than the Swift -Ryan-2012 sample because it addresses many possible biases that are affecting the redshift determination besides the afterglow criterial, and they also use GRBs that have bright afterglow observations, while the Swift -Ryan-2012 sample does not have this tight restriction. We will use Swift -Perley sample to address possible bias in the Swift -Ryan 2012 sample, and we refer the readers to Perley et al. (2016) for more details of their sample deduction analysis. The Swift -Perley LGRB sample is presented in Table 4 . In this paper, we continue to use the complete preSwift (from Friedman & Bloom 2005) and Swift samples (Ryan et al. 2015; Zhang et al. 2015 , Swift -Zhang, Swift -Ryan, Swift -Ryan-b samples) as we have discussed in section 2.3 of LM17 for the purpose of our investigation. As discussed in the LM17 paper, the jet opening angles from the Swift sample are still lacking because of the missing achromatic jet break time (e.g. Kumar & Zhang 2015; Zhang et al. 2015) . However, Zhang et al. (2015) were able to estimate the jet opening angles for 27 GRBs from the Swift sample by combining latetime Chandra data with well-sampled Swift/XRT light-curve observations and by fitting the resultant light curves to the numerical simulation assuming an off-axis angle. Ryan et al. (2015) , using an approach similar to that of Zhang et al. (2015) , have also estimated the jet opening angles of more than 100 GRBs between 2005 and 2012 (Swift -Ryan 2012 sample). However, only 32 sources (Swift -Ryan-b) with well-fitted jet opening angles were constrained. Interestingly, the Swift -Ryan-b sample gives a redshift distribution similar to that of the Swift -Zhang sample, but their mean jet opening angle distribution is much smaller (e.g. much greater than 0.1 rad), as shown in Figure 3 Table 4 , and the Swift -Ryan-b sample is as indicated in Table 3 along with the complete Swift -Ryan 2012 sample. In this work, we continue to test how well our model opening angle distribution is correlated with the Swift -Zhang and Swift -Ryan-b opening angle samples. In Section 2, we briefly restate the LD07 cosmological GRB model, the redshift and the jet opening angle distributions equations, and our fitting methodology. In Section 3, we discuss the results of our analyses and the possibility of a bias in the Swift -Ryan 2012 sample, and conclude with a discussion of the derived GRB source rate density and the nature of the low-and high-redshift GRBs in Section 4. We adopt a ΛCDM cosmology in this paper, where Ω m = 0.27 and Ω Λ = 0.73 (e.g. Spergel et al. 2003) , while exploring different values of the Hubble constant H 0 .
A BRIEF STATEMENT OF OUR COSMOLOGICAL GRBS MODEL
In this section, we give a very brief overview of the LD07 model, the bursting rate of GRB sources, and our fitting methodology, and refer the readers to their paper for more details. To calculate the redshift, size, and the jet opening angle distributions, we use Equations (16), (18), and (20) from LD07, which describe the directional GRB rate per unit redshift (dṄ (>fǭ)/dΩdz) (or the redshift distribution) with energy flux >fǭ, the size distribution of GRBs (dṄ (>fǭ)/dΩ) in terms of their νF ν flux f ǫ , and the observed directional event reduction rate (due to the finite jet opening angle) for bursting sources with νF ν spectral flux greater thanfǭ at observed photon energy ǫ or simply the jet opening angle distribution (dṄ (>fǭ)/dΩdµ j ), respectively. These three equations require the jet opening angle distribution g(µ j ), the comoving GRB rate densityṅ co (z), and the instrument's detector sensitivityfǭ. In this paper, we continue to usefǭ ∼ 10 −8 and ∼ 10 −7 erg cm −2 s −1 (see LD07) as the effective Swift and preSwift detective flux thresholds, respectively. Since the form for the jet opening angle g(µ j ) is unknown, we also consider the function g(µ j ) = g 0 (1 − µ j ) s H(µ j ; µ j,min , µ j,max ), where s is the jet opening angle power-law index; for a two-sided jet, µ j,min ≥ 0, and
is the distribution normalization (LD07), and H(µ; µ j , 1) is the heaviside function such that H(µ; µ j , 1) = 1 when µ j ≤ µ ≤ 1 (or when the angle θ of the observer with respect to the jet axis is within the opening angle of the jet), and H(µ; µ j , 1) = 0 otherwise. According to the observations from the preSwift and Swift instruments, the minimum and maximum jet opening angles are about θ j,min ∼ 0.042 and θ j,max ∼ 0.7 rad, where µ j = cos(θ j ) (e.g. Friedman & Bloom 2005; Ryan et al. 2015; Zhang et al. 2015) . This functional form g(µ j ) describes GRBs with small opening angles, θ j ≪ 1, so that such GRBs are potentially detectable from larger distances, for the same energy budget. By contrast, GRB jets with large opening angles are more frequent, but only detectable from comparatively small distances (e.g. LD07). The possibility of beaming angle being narrower at higher redshift has also been suggested by others (e.g. Lloyd-Ronning et al. 2002; Lu et al. 2012; Laskar et al. 2014 Laskar et al. , 2018a Lloyd-Ronning et al. 2019a,b) . These requirements require that the maximum redshift z max must satisfy the condition d 2
is the luminosity distance, ∆t * is the duration of the GRB in the stationary frame and we set it equal to 10s as the average observed value based on BATSE GRBs at z ∼ 1, and λ b is the bolometric correction to the peak measured νF ν flux as described by Equations (1) and (2) 
, where a and b are the broken power-law indices of the GRB spectrum. We refer the readers to section 2 of LD07 for more details of our model. Finally, to close the system, the comoving GRB rate density is defined asṅ co (z) =ṅ co Σ SFR (z), whereṅ co is the normalization constant and Σ SFR is the GRB formation rate as a function of redshift of the form
where a 0 = 1, b 0 = a 0 (1 + z 1 ) η 1 /(1 + z 1 ) η 2 , and c 0 = b 0 (1 + z 2 ) η 2 /(1 + z 2 ) η 3 , and η 1 , η 2 , η 3 are constants, and the redshift values z 1 and z 2 are equal to 0.5 and 4.5, respectively. We select these breaking redshift values because they provide the best fit to the observed distributions as discussed in LM17 for SFR9, and we continue to use them here in this paper.
The constant values η 1 , η 2 , η 3 , and the power-law index s will be fine tuned until the calculated model distributions give the best fit to the observed preSwift and Swift redshift and jet opening angle distributions for a fix set of the physical parameters values (H 0 , a, b, θ j,min , θ j,max , E * γ , andfǭ). If the model fails to fit the data, then we have to readjust the physical parameters values and refit the model to the data. It is important for the readers to realize that for us to accept any of our parameter values to be the best values for any fits, we require those values to give the best fit to the redshift and jet opening angle distributions for both the Swift and preSwift data at the same time. This allows us to quantify how good a fit is and the actual preferred parameters of the model for the given data. We then perform a KS-test as a final check to validate that the observed data sets are drawn from the calculated model distribution by examining the D-statistic and the probability p-value. We refer the readers to the LD07 paper in section 3.2 for the details of our fitting analysis. Once we have obtained the best functions for the redshift and jet opening angle model distributions for both the preSwift and Swift data, we will then calculate the count rates and the size distribution (Equation (18) from LD07) from our model and test them against the expected results for the Swift and BATSE instruments.
RESULTS AND DISCUSSION
Similar to the work done by LD07 and LM17, there are seven physical adjustable parameters in this model: the νF ν spectral power-law indices a and b, the power-law index s of the jet opening-angle distribution, the range of the jet opening angles θ j,min and θ j,max , the average absolute emitted gamma-ray energy E * γ , and the detector thresholdfǭ excluding the Hubble constant H 0 and the constant values of η 1 , η 2 , and η 3 of the GRB rate density. The flux thresholdsfǭ are set equal to 10 −8 and 10 −7 erg cm −2 s −1 for Swift and preSwift, respectively, and the observed minimum and maximum jet opening angles are constrained by θ j,min = 0.042 and θ j,max = 0.7 rad, respectively. As mentioned, if we consider a broken power-law νF ν GRB SED with α = −1 and β = −2.5, which give a = 1 and b = −0.5 as the general accepted values, then this gives the bolometric correction factor λ b = 3. However, in this paper we will investigate for the best values of α and β as a function of redshift based on the observed data. The remaining parameters s, E * γ , and the GRB rate functional form are constrained by obtaining the best model distributions that represent the observed redshift and jet opening angle distributions for both Swift and preSwift instruments.
We go through point-by-point addressing the concerns that we have mentioned in Section 1. From our model, 2(a) and 2(b) seem to suggest otherwise. This indicates that it is more advantageous to analyze the observed redshift or the jet opening angle as directional event rate distribution. We plan to explore this Figure 1(a) . Note that SFR11 has a much higher GRB density rate below a redshift of 2 than SFR9, and its model parameter values are indicated in Table 2 . Furthermore, the low-and high-energy indices values are also within the mean values as discussed above. Nevertheless, the excess of LGRBs below a redshift of 2 is still present as shown in Figure 5 (b) (an inset of Figure 5(a) ), but a big improvement to the overall curve is achieved in comparison to the result in Figure 1 (b) using SFR9 model. This implies that there is something else affecting the LGRBs redshift distribution, unless, our sample is contaminated, for example, with an intermediate LGRBs duration (e.g., Mukherjee et al. 1998; Veres et al. 2010) , for which the physical mechanism is unclear (can be off-axis, high baryon load GRBs etc.). Nevertheless, the redshift distribution shows very little variation after removing these four intermediate bursts from our sample. Moreover, it is interesting to note that our results provide a good fit to the Swift -Ryan-b sample and not to the Swift -Zhang sample for both the redshift and jet opening angle distributions (see the insets of Figures 5(b) and 5(c), respectively). We do not plot the Swift -Zhang redshift distribution here because we are only interested in its opening angle distribution. The Swift -Zhang redshift distribution is shown in Figure 3 (b) of LM17. The shaded regions in the jet opening angle distribution plot represent the error bars from the Swift -Zhang and Swift -Ryan-b samples. We also notice the Swift calculated jet opening angle distribution is within the error margin of the Swift -Ryan jet opening angle sample (see Figure 7c in LB17). It is important to remind the readers that the Swift -Ryan-b sample is a subset of the Swift -Ryan-2012, where only 32 sources with "well-fitted" jet opening angles are constrained (see Ryan et al. 2015) . Lien et al. (2016) and Sakamoto et al. (2011) showed that most of the GRB spectra in the BAT energy range can be well fitted by the simple power-law model of the photon flux with a spectral index α pl . Figure 6 (a)-6(c) are the plots for the preSwift and Swift redshift and jet opening angle distributions, where α pl = −1.28 and SFR10 are the value and model that provide the best preSwift and Swift model distributions. According to our model, this would require the bolometric correction to be λ b = 1/a, where a = 2 + α pl . The inset of Figure 6(b) is a plot of the spectra index α pl for the simple power law as function of redshift, and the data is obtained from Lien et al. (2016) paper. The plot indicates that α pl is independent of redshift with an averaged value of α pl ∼ −1.5, and our best value is within 1σ of the observed distribution. Using the parameter values as indicated in the figure, the results show an improvement to every distributions in comparison to Fig. 5 , except the Swift jet opening angle distribution (see the inset of Fig. 6c ); the plot shows that the Swift jet opening angle model distribution (the long dashed curve) is outside the error bars of the observed jet opening angle distribution. Moreover, Fig. 6(b) still indicate an excess of LGRB below a redshift of 2.
To check which LGRB density rate model, SFR10 or SFR11, is more favourable, we compare our model size distribution with BATSE 4B Catalogue size distribution using SFR10 and SFR11 for the simple power-law and the broken power-law GRB spectral, respectively. BATSE 4B Catalogue contains 1292 bursts total, including short and long duration GRBs. There are a total of 872 LGRBs that are identifiable in the BATSE 4B Catalogue (Paciesas et al. 1999; Le & Dermer 2009 ) with a BATSE detection rate of ≈ 550 GRBs per year full-sky brighter than 0.3 photons cm −2 s −1 in the 50 − 300 keV band (Band 2002) . Since there are only 872 LGRBs in the catalogue, hence, BATSE detection rate is ≈ 371
LGRBs per year full sky. In Figure 7(a) , we plot the differential size distribution of BATSE GRBs using the Fourth BATSE catalogue (Paciesas et al. 1999) in comparison with our model prediction. The plots are normalized to the current total number of observed LGRBs per year from BATSE, which is 371 bursts per 4π sr exceeding a peak flux of 0.3 photons cm −2 s −1 in the ∆E = 50 − 300 keV band for the ∆t = 1.024 s trigger time. As can be seen from Figure 7(a) , the broken power-law model gives a good agreement to the differential burst rate, while the simple power-law model overpredicts the differential burst rate above 1.0 ph cm −2 s −1 . It is important to note that the size distribution of the BATSE GRB distribution in Figure 7(a) is normalized and corrected to 371 LGRBs above a photon number threshold of 0.3 ph cm −2 s −1 . Below a photon number threshold of 0.3 ph cm −2 s −1 in the 50 -300 keV band, the observed number of GRBs falls rapidly due to the sharp decline in the BATSE trigger efficiency at these photon fluxes (see Paciesas et al. 1999) , while the size distribution of the Swift GRBs will extend to much lower values ∼ = 0.0633 ph cm −2 s −1 . The result in Figure 7 (a) indicates that SFR11 gives an excellent fit to the BATSE LGRB, while SFR10 overpredicts the differential size distribution above 1.0 ph cm −2 s −1 .
Additionally, in Figure 7(b) , we recalculate the preSwift model distributions using E * γ = 4.47 × 10 51 erg for the SFR11 model; this value is fine tuned, while holding the other physical parameter values the same as indicated in Figures 5(a) and 5(c), until the redshift and jet opening angle model distributions provide the best fit to the observed preSwift data. We notice that the curves to the preSwift redshift and jet opening angle distributions are greatly improved, and this result implies that the mean beaming corrected gamma-ray energy released for the preSwift is about a factor of 2 larger than the Swift sample. This result mostly agrees with Goldstein et al. (2016) analysis, however, instead of being off by an order of magnitude our result indicates that it is off by a factor of 2. The nature of the difference is that we obtain our value based on fitting the redshift and jet opening angle distributions from both the preSwift and Swift samples, while Goldstein et al. (2016) based on estimating the Fermi-GBM (Gamma-ray Burst Monitor) jet opening angle samples that relies on many factors including the GRBs with observed and unobserved redshifts as indicated in Eq.(5) of their paper. Goldstein et al. (2016) study a sample of 638 long GRBs with only 40 observed redshifts. Their estimates of θ j are consistent with the calculation of θ j via the observed jet breaks (see their Eq. (3)) within 1σ confidence level for the observed redshift, while the estimates of θ j have large uncertainty of θ j when the redshift is unknown. Their θ j distribution shows that the majority of the jet peaks at, < 10 • , and our angle distribution indicates that the majority of the jet occurs around ∼ 7 • as indicated in the inset of Figure 5(b) for the Swift data, and this is consistent with their result. However, since their GRBs jet opening angle peak around 10 • , according to our work, this will reduce the estimate of the collimation-corrected energy E * γ . We refer the readers to their paper for more details of their analysis. This factor of 2 suggests that on average the LGRBs that were detected at redshift less than 4 have larger gamma-ray energy released than the LGRBs that were detected at redshift greater than 4. If this is the case, then our Swift model distribution would require two different values of gamma-ray energy released separated at a redshift of 4. Based on our model, this will cause the Swift model redshift and jet opening angle distributions to shift to a higher redshift and a lower opening angle, respectively. Consequently, this would provide a bad fit to both the observed redshift and opening angle distributions from the Swift -Ryan and Swift -Ryan-b samples. Nevertheless, it is important to notice that our model redshift distributions (see Figure 5 (b)) still indicate that there is an excess of LGRB at redshift less than 2 in the Swift -Ryan 2012 sample using SFR11 model.
From the above analyses, SFR11 seems to provide the best model for the LGRB density rate with a broken power-law νF ν GRB spectrum that resulted in either an excess of LGRB below a redshift of 2 as shown in Figure 5 Recently, Perley et al. (2016) have deduced a large unbiased Swift
LGRBs sample (Swift -Perley), as we have discussed in Section 1, by down selecting the Swift sample to remove LGRBs that occurred under circumstances that were not optimal for ground-based follow up and isolating a subset for which the afterglow redshift completeness is close to the expected maximum achievable value of 80 per cent. Using their data sample, in Figure 8(a) , we plot the redshift distribution from the Swift -Ryan 2012 and the Swift -Perley samples. The plot shows that there is a clear difference in the two samples, however, the Kolmogorov-Smirnov two-sample test indicates that the samples come from the same distribution with values of 0.11 and 0.39 for the D-statistic and the p-value, respectively. From Figures 8(b) and 9(a) (including the inset), we plot our model distributions against the Swift -Perley and the Swift -Ryan-b samples, respectively, using SFR11 with the same parameter values as for the preSwift sample as indicated in Figure 7(b) . The plots show that the observed data are empirically drawn from the proposed model distributions for both the redshift and jet opening angle distributions for the Figure 7 . (a) The differential size distributions for SFR10 (solid line) and SFR11 (dashed line) with E * γ = 2.51 × 10 51 erg. The filled circles curve represents the 1024 ms trigger time-scale from the 4B catalogue data, containing 1292 bursts that normalize to 371 LGRBs above a photon number threshold of 0.0633 ph cm −2 s −1 , and where the error bars are the statistical error in each bin. Also, the turnover in the data points is due to the detector threshold 0.0633 ph cm −2 s −1 of BATSE. (b) We refit the preSwift redshift distribution and the jet opening angle distribution (inset of Figure 7 Figure 7(a) , but for the model parameters in Figure 8(b) . The parameter values in Figure 9 (a) also apply to its inset.
Swift -Perley and the Swift -Ryan-b samples. These results indicate that the mean beaming corrected gamma-ray energy released are similar for both preSwift and Swift samples, and is a factor of 2 higher than the observed average value (e.g.,
LD07
). The consequence of this is that we would expect to detect more LGRBs at large redshift. Most importantly, the results indicate no excess of LGRB at any given redshift, and our angle distribution implies that the majority of the jet occurs around ∼ 6 • as shown in the inset of Figure (9a) consistent with Goldstein et al. (2016) finding. Using these new parameter values, we recalculate the differential size distribution using SFR11 model and the result is shown in Figure 9(b) . Clearly, the model size distribution is slightly over predicting the differential burst rate above 1.0 ph cm −2 s −1 , which can be slightly improved by reducing the mean beaming gamma-ray energy released with a value between 4.0 × 10 51 < E * γ < 4.47 × 10 51 erg or the jet opening angle power law index between −1.55 < s < −1.5. Finally, we check for the GRB count rate for Swift. Our model parameter values, as shown in Figure 8(b) , suggest that GRBs can be detected by Swift to a maximum redshift z ≈ 23, and that about 10% of Swift LGRBs occur at z > 4.5, in accord with the data shown in Figure 8(b) . Our model also predicts that about 5% of LGRBs should be detected above z ≥ 5. If more than 5% of LGRBs with z > 5 are detected by the time ≈ 100 Swift LGRBs with measured redshifts are found, then we may conclude that the LGRB formation rate power-law index η 3 (see Equation 1) is shallower than our fitted value η 3 = −4.1 above z ≈ 4.5. By contrast, if a few z 5 GRBs have been detected, then this would be in accord with our model and would support the conjecture that the LGRB burst rate follows the SFR11 that is similar to the Hopkins & Beacom (2006) and extended by Li (2008) SFR history at high redshift. Similarly, our model also indicates that less than 15% of LGRBs should be detected at z 1 for SFR11. Again, if a few z 1 GRBS have been detected, then this would also be in accord with our model and would also support the conjecture that the LGRB burst rate follow the SFR11 that is similar to the observed Hopkins & Beacom (2006) SFR history at low redshift with no excess of LGRBs. After examining the GRB samples 1 between 2013 and 2015, we notice that less than 5% of LGRBs per year were detected by Swift above z > 5, and about ∼ 10% of LGRBs were detected above z > 4, and moreover, only about 6% of LGRBs per year were detected below z < 1. These results are consistent with our model predictions, suggesting that our SFR11 model could represent the LGRB density rate.
From the above results, it is clear that our model distributions correlate well with the complete unbiased LGRB Swift -Perley and the Swift -Ryan-b samples indicating no sign of any excess of LGRB at any redshift. While for the complete Swift -Ryan 2012 sample, our models consistently show that an excess of LGRB is always presence below a redshift of 2, regardless of how we modify our model parameter values to fit both the preSwift and Swift distributions. Interestingly, Pescalli et al. (2016) reach similar conclusion when incomplete sample was used. This suggests that there could be a biased in the Swift -Ryan-2012 sample relating to the afterglow selection effect based on the Swift -Perley sample; or that the Swift -Ryan 2012 sample needs to be constrained using the "well-fitted" beaming opening angle. These results could be checked, but they are beyond the scope of this paper.
CONCLUSIONS
The question whether LGRBs follow SFR is now getting closer. Le & Dermer developed a physical model to understand the differences between the redshift and jet opening angle distributions of Swift and preSwift GRBs, taking into account the different detector triggering properties. Their GRB model is based on the uniform jet model and a flat GRB spectrum with an assumption that the LGRB density rate is proportional to the measured SFR. They showed that a good fit was only possible by providing a positive evolution of the SFR history of GRBs to high redshifts. However, it remains unclear whether this excess at high redshift is due to luminosity evolution or the cosmic evolution of the GRB rate. Le & Mehta revisited the work done by LD07 and performed a timely study of the rate density of GRBs with an assumed broken power-law GRB spectrum. Utilizing more than 100
LGRBs in the Swift sample that includes both the observed estimated redshifts and jet opening angles, they obtained a GRB burst rate functional form that gives acceptable fits to the preSwift and Swift redshift and jet opening angle distributions with a GRB density rate, SFR9, that is similar to the Hopkins & Beacom (2006) observed star formation history (SFR7) and as extended by Li (2008) . However, the LT17 redshift model distribution indicates an excess of LGRBs at low redshift below z ∼ 2 in the Swift sample, consistent with Petrosian et al. (2015) , Yu et al. (2015) , and Lloyd-Ronning et al. (2019a) . However, the reason for this excess is either unclear, incomplete sample size, or that GRBs formation rate does not trace SFR at low redshift less than z ≤ 1. As a result, in this paper, our motivations are to determine (i) how does the observed Hubble constant parameter affect the outcome of the calculated redshift and jet opening angle distributions? (ii) How does the beaming-corrected gamma-ray energy released relate to redshift? (iii) How do the low-and high-energy indices (α, β) of the Band function relate to redshift?
Each point has been addressed in our paper and we conclude that: (i) the Hubble constant is insensitive to the calculated redshift distribution, but might not be for the directional event rate per unit redshift distribution. We plan to explore this possibility in future paper. (ii) The mean beaming corrected gamma-ray energy released is similar between the Swift and preSwift samples or about a factor of two higher for the preSwift data. However, if the beaming corrected energy released is similar for both instruments, then the Swift jet opening angle should be smaller at higher redshift. Interestingly, our model provides consistent result with the observed estimated jet opening angle for both the Swift -Ryan-b and preSwift samples. Our best value for the mean beaming corrected gamma-ray energy released is E * γ ∼ 4.47 × 10 51 erg using Swift -Perley sample, which is about a factor 2 higher than the observed average value (e.g., LD07). Moreover, our results also agree with the observed minimum jet opening angle of θ j,min ≈ 0.065 and ≈ 0.4 rad for the preSwift and Swift -Ryan-b jet opening angle samples, respectively, with the maximum jet opening angle of θ j,max ≈ 0.8 rad and the s = −1.55 for the jet opening angle power-law index. (iii) We find that the low-and high-energy indices (α, β) of the Band function are independent of redshift and the best values are about α ≈ −0.9 and β ≈ −2.18 and these values are similar to the observed values.
Using SFR11, with η 1 = 5.5, η 2 = 0.38, η 3 = −4.1, z 1 = 0.5, and z 2 = 4.5 for the GRB formation rate in Equation (1), our model gives a good fit to the preSwift, Swift -Ryan, Swift -Ryan-b, and Swift -Perley redshift and jet opening angle samples. However, we find that our model is more consistent with the preSwift, Swift -Ryan-b, and Swift -Perley samples with a single value of the mean beaming-corrected gamma-ray energy released of E * γ ∼ 4.47 × 10 51 erg or lower. Furthermore, this model also predicts about 5% of the Swift -LGRBs should be detected above z ≥ 5 and less than 15% of the Swift -LGRBs should be detected at z 1. Examining the Swift LGRB sample between the years 2013 and 2015, the data show consistent results against our model predictions. This suggests that the values η 1 = 5.5, η 2 = 0.38, η 3 = −4.1, and the redshift breaking points at z 1 = 0.5 and z 2 = 4.5 in our SFR11 model provide an LGRB formation rate that is consistent with observation. Additionally, the values at z 1 and z 2 seem to correlate well between the model and the LGRB observed data for the directional event rate per unit redshift per solid angle calculation, which we have touched on in Figure 2 . The results of this correlation will be presented in future paper. And more importantly, SFR11 produces a general behavior of the observed SFR that agrees with the conjecture that LGRB rate follows SFR. However, the GRB formation rate (SFR11) is higher than the observed SFR (SFR7) above a redshift of z > 3, and this has been suggested to be related to metallicity (e.g., Fruchter et al. 2006; Gehrels & Razzaque 2013) . For example, Fruchter et al. (2006) and Gehrels & Razzaque (2013) have suggested that LGRBs are found more in regions of low metallicity (at high redshift) and this seems to be consistent with our GRB formation rate SFR11 model. We plan to explore metallicity evolution in future work. Moreover, in the region of redshift below z < 2, our SFR11 follows the Hopkins & Beacom (2006) observed SFR (SFR7), and no excess of LGRBs is implied based on the Swift -Perley sample. In the next few years if more LGRBs have been detected at redshift less than ∼ 2 or z > 3, then the values of η 1 , would be more positive, and η 2 and η 3 would be more negative, assuming all the other physical parameters (H 0 , α, β, θ j,min , θ j,max , E * γ , andfǭ) remain the same.
Additionally, our analyses indicate that none of the above physical parameters resolved the excess problem from the Swift -Ryan-2012 sample, but our model is well fitted with the Swift -Ryan-b sample with no excess problem, suggesting that the Swift -Ryan-2012 sample is biased with sample selection effect. Using the Swift -Perley LGRB sample (Swift Gamma-Ray Burst Host Galaxy Legacy Survey) and applying the same physical parameter values that provides the best fit to the preSwift and Swift -Ryan-2012 samples, our model provides consistent results with this data set and indicate no excess of LGRBs at any redshift. Since our model shows strong correlations with the Swift -Perley sample, we conclude that there could be a biased in the Swift -Ryan sample relating to the afterglow selection effect. We plan to check if this is the case in future work. TL wishes to acknowledge Peter Veres for discussions and comments, and the anonymous referee for many useful comments and suggestions that greatly improved the paper.
